Quasi parton distributions (quasi-PDFs) are currently under intense investigation. The fact that they are defined through spatial correlation functions makes them accessible in lattice QCD. QuasiPDFs gradually approach their corresponding standard (light-cone) PDFs as the hadron momentum increases. Recently, we investigated the concept of quasi-distributions in the case of generalized parton distributions (GPDs) by calculating the twist-2 vector GPDs in the scalar diquark spectator model. In the present work, we extend this study to the remaining six leading-twist GPDs. For large hadron momenta, all quasi-GPDs analytically reduce to the corresponding standard GPDs. We also study the numerical mismatch between quasi-GPDs and standard GPDs for finite hadron momenta. Furthermore, we present results for quasi-PDFs, and explore higher-twist effects associated with the parton momentum and the longitudinal momentum transfer to the target. We study the dependence of our results on the model parameters as well. Finally, we discuss the lowest moments of quasi distributions, and elaborate on the relation between quasi-GPDs and the total angular momentum of quarks. The moment analysis suggests a (slight) redefinition of several quasi-distributions.
I. INTRODUCTION
Parton distribution functions (PDFs) are important objects encoding information about the quark and gluon structure of hadrons [1] . They can be extracted from data for a large class of hard scattering processes, where the key underlying tool is factorization theorems in quantum chromodynamics (QCD) that separate the perturbatively calculable short distance part of a cross section from the long-distance part described by PDFs and potential other non-perturbative quantities [2] . On the other hand, first-principles calculations of PDFs using lattice QCD have remained challenging due to their explicit time-dependence. As a result, in the past almost all related studies in lattice QCD focused on moments of PDFs which are defined through time-independent local operators, while the full dependence of PDFs on the parton momentum fraction x remained elusive.
The recently proposed quasi parton distributions (quasi-PDFs) offer a way to directly access the x-dependence of the PDFs in lattice QCD [3, 4] . Quasi-PDFs are defined through spatial equal-time operators that can be computed on four-dimensional Euclidean lattices. They reduce to their corresponding standard (light-cone) PDFs if the hadron momentum P 3 = | P | → ∞, prior to renormalization. However, for lattice calculations one first renormalizes, and P 3 is finite. This leads to two sources of discrepancies between quasi-PDFs and standard PDFs: higher-twist corrections that are suppressed by powers of 1 outcome further supports quasi-GPDs as a viable tool for studying standard GPDs. As a byproduct, we also consider quasi-PDFs in the SDM, and elaborate for PDFs on the specific point x = 0 at which standard PDFs (in the SDM) are discontinuous. It is interesting that, in the limit P 3 → ∞, quasi-PDFs exactly reproduce the standard PDFs also at x = 0. The numerical results are discussed in Sec. IV. For PDFs we find considerable discrepancies between the quasi-distributions and the standard distributions around x = 0 and x = 1, and we locate the source of this feature. For GPDs one observes the same issue around x = 1, as well as in and close to the ERBL region, if that region is very narrow. On the other hand, quasi-GPDs and standard GPDs are very similar for a considerable part of a large ERBL region. We also study two sources of higher-twist effects -those related with the average longitudinal momentum fractions of the quark, and those associated with the skewness variable of GPDs. In general, we have tried to extract robust numerical results of the SDM. To this end we have explored the dependence of the results on variations of the model parameters. Model-independent results on the first and second moments of quasi-distributions can be found in Sec. V. They include a discussion of the relation between quasi-GPDs and the total angular momentum of quarks. Considering moments of quasi-distributions from lattice QCD might offer a way to study systematic uncertainties. The moment analysis also suggests to (slightly) redefine several quasi-distributions. We summarize our work in Sec. VI.
II. DEFINITION OF GPDS
We start by recalling the definition of twist-2 standard GPDs of quarks for a spin-1 2 hadron, which are specified through the Fourier transform of off-forward matrix elements of bi-local quark operators (see for instance Ref. [100] ) 1 ,
ensures the color gauge invariance of the operator, where P indicates path-ordering and g s the strong coupling constant. The incoming (outgoing) hadron state in (1) is characterized by the 4-momentum p (p ) and the helicity λ (λ ). Frequently used kinematical variables in the context of such off-forward matrix elements are
For the skewness variable one typically considers ξ ≥ 0, because ξ is non-negative for every known physical process that allows access to the GPDs. Therefore we also limit our discussion to ξ ≥ 0. We work in a symmetric frame of reference where P ⊥ = 0. Also, we take P 3 > 0 and large. The variable t is related to ξ and ∆ ⊥ through
where M is the nucleon mass. Equation (1) represents a leading-twist matrix element if Γ contains one plus-index. The corresponding (eight) quark GPDs are then defined via (see for instance Refs. [100, 109] )
] (x, ∆; λ, λ ) = 1 2P +ū (p , λ ) γ + γ 5 H(x, ξ, t) + ∆ + γ 5 2M E(x, ξ, t) u(p, λ) , 
where u(p, λ) (ū(p , λ )) is the helicity spinor for the incoming (outgoing) hadron and
We adopt the convention of ε 0123 = 1. The quarks are unpolarized in the case of the vector GPDs H and E, while they have longitudinal polarization for H and E, and transverse polarization for H T , E T , H T and E T . In Equation (7), because of the relation iσ µν γ 5 = − 1 2 µναβ σ αβ , one may also work with the matrix iσ j+ (instead of iσ j+ γ 5 ) to define chiral-odd quark GPDs . A generic GPD depends upon the average longitudinal momentum fraction x = k + P + , as well as ξ and t. By means of Eq. (4) one can consider standard GPDs as function of x, ξ and ∆ ⊥ . We in fact use these variables for the numerical evaluations of the GPDs later on. We recall in passing that the support region for the standard GPDs is given by the range −1 ≤ x ≤ 1.
Quasi-GPDs, on the other hand, are defined through an equal-time spatial correlation function [3] ,
Q (x, ∆; λ, λ ; P 3 ) = 1 2
For a given standard GPD, we consider two distinct definitions of its corresponding quasi-GPD. The counterparts of Eqs. (5), (6) and (7) are
One can define H Q(3) and E Q(3) through Eq. (10) using the replacement 0 → 3 (see also Ref. [90] ), while H Q(0) and E Q(0) are defined through Eq. (11) with 0 → 3. The chiral-odd quasi-GPDs H T,Q(3) , E T,Q(3) , H T,Q (3) , and E T,Q(3) are defined through Eq. (12) with 0 → 3, with the exception that ε 03ij should be left as is. The factor 1 P 0 on the r.h.s. of (11) (which appears counterintuitive due to the γ 3 γ 5 projection) is necessary to be consistent with the definition of the corresponding helicity quasi-PDF, such that the definitions of all (sixteen) quasi-GPDs are consistent with the corresponding forward limits. It has been argued that the gamma matrices used in (10), (11) and (12) provide optimal behavior of the associated operators under renormalization [23, 44] .
Apart from the dependence on ξ and t, quasi-GPDs are functions of x = k 3 P 3 . The latter variable is of course different from the average plus-momentum k + P + that appears for standard GPDs, and it is not possible to relate these two momentum fractions in a model-independent manner. In Sec. IV B we study the impact of their difference in the cut-graph approach in the diquark spectator model. Note that the support region for the quasi-GPDs is given by −∞ < x < ∞. For the calculations we also need the relation P 0 = δP 3 where
Below we frequently make use of the variable δ. Moreover, P · ∆ = 0, from which one obtains ∆ 0 = −2ξP 3 .
III. ANALYTICAL RESULTS IN SCALAR DIQUARK MODEL
In this section we present the analytical results in the SDM. Details about this model can be found in Ref. [90] and references therein.
In the above equations we have used the quark mass m q and the diquark mass m s . The standard GPDs in the SDM can also be extracted from the results for the generalized transverse momentum dependent parton distributions listed in Ref. [110] . We reckoned full consistency between the results. The standard GPDs vanish for −1 ≤ x ≤ −ξ due to the absence of antiquarks to O(g 2 ) in the SDM. We emphasize that the positions of the k − -poles in (15) depend on x. This leads to different analytical expressions for the standard GPDs in the ERBL and DGLAP regions. But the GPDs remain continuous at the boundaries x = ± ξ between these regions (see also Ref. [90] ), though their derivatives are discontinuous. Note also that spectator models typically lead to discontinuous higher-twist GPDs [113, 114] .
The GPD E exhibits a singularity as ξ → 0 which is why we show ξ E in Eq. (20) and later on for the numerics. For the chiral-odd GPDs, one has integrals of the type
Such integrals give rise to terms like
as can be seen in Eqs. (21)- (24).
We now discuss the behavior of the standard GPDs under the replacement ξ → −ξ. Hermiticity implies that all but E T are even functions of ξ, while E T is an odd function of ξ [100, 109] . Our model results must satisfy these constraints. Using the replacement k ⊥ → − k ⊥ of the integration variable, one finds that the numerators in Eqs. (17)- (24) indeed are even under ξ → −ξ, except the one for E T . The analysis of the denominators requires more care. In order to locate the position of the poles in the complex k − -plane, and hence to arrive at the above expressions of the standard GPDs, we have considered ξ > 0. Keeping this in mind, one can verify that ξ → −ξ switches the position of the poles of the quark propagators only such that the denominators in the ERBL and DGLAP regions are even in ξ. In the context of this discussion let us compare the GPDs E and E T . While the former has a pole at ξ = 0, the latter vanishes at this point as it is odd in ξ. The function ξ E is odd in ξ as well. We also note that our analytical results for the quasi-GPDs below show the exact same behavior under ξ → −ξ as the respective standard GPDs. To the best of our knowledge, the behavior of quasi-GPDs under ξ → −ξ has not yet been discussed in the literature.
In the SDM to O(g 2 ), all the leading-twist standard GPDs are UV-finite, except H and H. (We consider the UV-finiteness of the chiral-odd GPD H T an artifact of the SDM. In the quark-target model in perturbative QCD this function shows the well-known UV-divergence [107, 109] .) For the numerics we impose a cut-off on the transverse quark momenta for all the standard GPDs (and the quasi-GPDs which are all UV finite).
B. Results for quasi-GPDs
The quasi-GPD correlator in Eq. (8) in the SDM reads
We again have used Gordon identities to obtain the quasi-GPDs. Before carrying out the k 0 -integral one has
and corresponding expressions for the other quasi-GPDs. For completeness we first quote the numerators for the unpolarized quasi-GPDs, H Q(0/3) and E Q(0/3) , from our previous work [90] :
We now turn to the new results by first considering the case of longitudinal quark polarization, that is, the quasi-GPDs H Q(0/3) and E Q(0/3) . They read
Note that the quasi-GPDs E Q(0/3) have a pole at ξ = 0, just like their light-cone counterpart. We next list the numerators of the quasi-GPDs that appear for transverse quark polarization:
The quasi-GPDs H T,Q(0) and H T,Q(3) corresponding to two different Dirac structures are related through Eq. (38) . This is the only quasi-GPD whose two different projections have such a simple relation. We repeat that all quasi-GPDs have support in the range −∞ < x < ∞. However, for large P 3 they are all power-suppressed outside the region −ξ ≤ x ≤ 1. We also observe that the numerators of the quasi-GPDs E T,Q(3) and E T,Q(0) are the only ones that do not depend on k 0 . The denominator D GPD can be written as
where the poles from the quark propagators with 4-momenta (k − ∆ 2 ) and (k + ∆ 2 ), and from the spectator propagator are given by
It is important to realize that, while the position of the poles depends on x, they never switch half planes. Specifically, k 
C. Recovering standard GPDs from quasi-GPDs
We have checked that for P 3 → ∞ the analytical results of all quasi-GPDs reduce to the ones of the respective standard GPDs. Here we provide the most important steps involved in this test. We start with the poles of the propagators, which can be expanded as
It is evident from these equations that the analytical expressions of the expansions of the poles depend on x, but the poles always lie in the same half plane, as already discussed above.
In the following we focus on the quasi-GPD H Q(0) . We first note that the contribution from those residues dominates for which the leading order term is x P 3 . Specifically, for the other residues the numerator of H Q(0) has a leading contribution of order (P 3 ) 3 , while the leading contribution of the denominator is of order (P 3 ) 5 , resulting in an overall suppression like 1/(P 3 ) 2 . For x ≤ −ξ we close the integration contour in the lower half plane. That way none of the poles has x P 3 as leading term, which then leads to a power-suppressed contribution. A corresponding discussion applies for x ≥ 1 if one closes the integration contour in the upper half plane.
For the DGLAP region (x ≥ ξ), we close the integration contour in the upper half plane. Then the dominant contribution comes from the residue at the pole k 0 3− . Therefore in that region
We first determine the leading term of the numerator in (54) which is given by
Then using
where . . . indicate suppressed terms, and
provides
On the other hand, the denominator in (54) simplifies as
Using Eqs. (58) and (59) in Eq. (54), one readily confirms
The overall logic to analytically recover H in the ERBL region (−ξ ≤ x ≤ ξ) remains the same as discussed above.
In this case it is convenient to close the integration contour in the lower half plane, so that the dominant contribution comes from the residue at k 0 1+ only. With a very similar analysis we have shown that all the quasi-GPDs reduce to the corresponding standard GPDs in the large-P 3 limit.
D. Results for quasi-PDFs
Starting from the expressions of the standard GPDs and taking ∆ = 0 (which implies ξ = t = 0), one obtains the following expressions for the standard PDFs:
Only three GPDs survive in this limit -E, E, E T and H T vanish because ∆ appears in their prefactor in the parameterizations in (5), (6) and (7), while E T drops out sinceū γ i T u vanishes in the forward limit. The GPD H reduces to the unpolarized PDF f 1 , whereas H reduces to the helicity PDF g 1 , and H T to the transversity PDF h 1 . Our results for the forward PDFs agree with the ones published in Ref. [109] . In general, like for standard GPDs, the region of support for PDFs is −1 ≤ x ≤ 1. In the SDM to O(g 2 ), they also vanish for −1 ≤ x < 0. Below we give a separate discussion for the point x = 0, where the forward PDFs in the SDM are discontinuous.
For the quasi-PDFs one has
and corresponding expressions for the other quasi-PDFs. The numerators are given by
and the denominator reads
The results for the quasi-PDFs follow directly from the ones for the quasi-GPDs. In Eqs. (65)- (70) we have used δ 0 = δ(t = 0). Like for quasi-GPDs, the support range of quasi-PDFs is −∞ < x < ∞. The process of analytically recovering standard PDFs from the corresponding quasi-PDFs has been discussed in Ref. [90] . Results for the quasiPDFs associated with the gamma matrices γ 3 /γ 3 γ 5 /iσ j3 γ 5 were already presented in [83] , but in the so-called cutgraph approximation. In Ref. [90] , we have discussed the differences of that approach compared to a full calculation that includes all contributions. Note that we have calculated all the forward distributions independently using a trace technique, and have found complete agreement with the results obtained from the quasi-GPDs.
E. The point x = 0 for standard PDFs and quasi-PDFs
In the SDM all three standard PDFs are discontinuous at x = 0. (We have argued in Ref. [90] that for f 1 this discontinuity may not be just an artifact of the model.) Specifically, in the case of f 1 one has
Also, for x = 0 the contour integration that can be used for any other value of x does not work. Two questions arise at this point. Can one still assign an unambiguous value to the standard PDFs for x = 0 ? And, if so, does the corresponding quasi-PDF reproduce that value for P 3 → ∞ ? One readily verifies that using the well-known identity
allows one to compute the standard PDFs for x = 0. In the case of f 1 one finds
Corresponding equations hold for g 1 and h 1 . We next investigate if the quasi-PDFs f Q(0/3) analytically reproduces the result in Eq. (74) . It turns out that this is indeed true, that is,
The very same conclusion applies to g 1 and h 1 . It is interesting that the quasi-PDFs reproduce exactly all the features of the corresponding standard PDFs around the point where the latter are discontinuous.
IV. NUMERICAL RESULTS IN SCALAR DIQUARK MODEL
For the numerical analysis we proceed along the lines of our previous work [90] . For completeness we first repeat the numerical values of the parameters. We use g = 1 for the strength of the nucleon-quark-diquark coupling. None of the general conclusions depends on the precise value of g. Our "standard values" for the mass parameters are M = 0.939 GeV, m s = 0.7 GeV and m q = 0.35 GeV. After having explored the sensitivity of the results to varying m s and m q , we maintain that such a choice, as also discussed in detail in Ref. [90] , is "optimal" with regard to the question of convergence of the quasi-distributions to their light-cone counterparts. For most of our plots, the cut-off for the | k ⊥ | integration is Λ = 1 GeV, and the transverse momentum transfer is | ∆ ⊥ | = 0. We also shall show some plots and comment extensively on the dependence of the various distributions on Λ and | ∆ ⊥ |. We begin with discussing the PDFs. 
A. Results for quasi-PDFs
Results for the quasi-PDFs g 1,Q(0/3) and h 1,Q(0/3) are shown in Fig. 1 and Fig. 2 , respectively. Comparing these results with the corresponding plots for f 1,Q(0/3) in Ref. [90] , one qualitatively observes the same features. First, for P 3 = 2 GeV and above, there is not much difference between g 1,Q(0) and g 1,Q(3) . The same holds in the case of the quasi-transversities. Second, considerable differences appear between quasi-PDFs and standard PDFs as x → 0 and x → 1. As discussed in detail in [90] , the discrepancy at small x can be expected since the standard PDFs are discontinuous at x = 0. The quasi-PDFs are continuous, but for large P 3 must approach the corresponding standard PDF, which automatically results in large deviations in the region around x = 0. To better illustrate the discrepancy at large x we consider the relative difference, which in the case of f 1 we define as [90] In Fig. 3 , this quantity is shown for the transversity distributions. Like for f 1 , at P 3 = 2 GeV one can hardly go above x = 0.8 for the relative difference to stay below 50%. This statement holds true for the helicity distributions as well. We shed some more light on the large-x discrepancy in Sec. IV B.
We forgo showing plots for the dependence of the PDFs (and the GPDs) on the mass parameters m s and m q . Our findings in this context can be summarized as follows. The impact of changing m s is typically larger. Specifically, discrepancies get somewhat larger when increasing m s , especially in the large-x region. This feature is partly related to the increasing (with m s ) difference between the momentum fractions that enter the standard PDFs and the quasiPDFs. We refer to Sec. IV B for further discussion of this point. Our numerical results are almost insensitive to changes of m q . An exception is the transversity in the small-x region. This can be understood from the analytical result in Eq. (63) . For small x, the quark mass term in the numerator dominates resulting in a larger sensitivity to m q of this distribution compared to f 1 and g 1 . The latter distributions have a k 2 ⊥ in the numerator -in addition to the (m q + xM ) 2 term -which gives rise to the (standard) logarithmic UV-divergence and, in particular, a very mild dependence on m q . As already discussed above, the absence of the UV divergence for the transversity is an artifact of the model, and so is therefore the stronger dependence of h 1 on m q at small x. For the GPDs we find a very similar overall pattern upon variation of m s and m q . In the ERBL region there can be some deviations from this pattern. But the effects are not very significant, and we therefore refrain from further elaborating on them.
In Fig. 4 , we show the relative difference for f 1 for two values (1 GeV and 4 GeV) of the cut-off Λ for the k ⊥ -integration. For x < ∼ 0.5 the relative difference increases with an increase of Λ. But at least for f 1,Q(3) this effect is mild, given that the two values of Λ are very different. We find very similar results for the transversity distribution. On the other hand, for g 1 the impact (on the relative difference) of changing Λ is larger. This applies in particular in the region around the point at which g 1 changes sign -see Fig. 1 . It is obvious from the definition in Eq. (76) that in such a case the relative difference is not a very good measure. A very similar situation occurs for GPDs if they switch sign. Overall, our choice Λ = 1 GeV typically minimizes the difference between the quasi distributions and the standard distributions. Also, the fact that some of the standard distributions have a logarithmic divergence does not necessarily lead to a much poorer convergence as Λ increases, unless one considers very large cut-off values, that is, much larger than 4 GeV.
B. A particular higher-twist contribution in the cut-diagram approximation
We repeat that the two momentum fractions k + P + and k 3 P 3 are different and that they cannot be related in a modelindependent way. In this section we denote the latter byx, and study the impact of the difference between x andx in the (model-dependent) cut-graph approach in the SDM. In Ref. [90] we found for f 1 that numerically, for P 3 ≥ 2 GeV and the range 0 ≤ x ≤ 1, the difference between the cut-graph approximation and the full calculation in the SDM is rather small, except in the small-x region. For more discussion of this approach we refer to [83, 90] . In the cut-graph model one puts the di-quark spectator on-shell, that is, (P − k) 2 = m 2 s (see Eq. (15)). One can then derive the relatioñ
Obviously, the difference betweenx and x is of order O(1/(P 3 ) 2 ) and therefore power-suppressed. A numerical comparison of the two variables can be found in Fig. 5 . Their difference gets larger as m s increases, as can also be expected based on Eq. (77) . Most importantly, due to the 1/(1 − x) factor, one findsx → ∞ as x → 1, which implies very large differences between the two momentum fractions at large x -see also Ref. [83] . One can therefore speculate that the considerable discrepancies between the quasi-distributions and the corresponding standard distributions at large x are mostly caused by the (huge) discrepancy betweenx and x. In Fig. 6 we explore this point for f 1 . The quasi-PDF f 1,Q(0) indeed provides, at large x, a better agreement with the standard PDF, while this is not true for f 1,Q(3) , unless one goes to extremely large x. In the case of g 1 and h 1 (not shown) we find that the "recipe" of distinguishing betweenx and x works better for g 1,Q(3) and h 1,Q(0) , respectively. The fact that, overall, this "recipe" does not lead to a much better agreement between quasi-PDFs and standard PDFs (at large x) can be traced back to other higher-twist contributions in the cut-graph approach that also diverge for x → 1.
C. Results for quasi-GPDs
Details about the numerics for the quasi-GPDs H Q and E Q can be found in Ref. [90] . Here we therefore mostly focus on the remaining six quasi-GPDs, which are shown in Figs. 7 -12 for ξ = 0.1. For the skewness variable we have explored the range 0.01 ≤ ξ ≤ 0.4 and below briefly comment on the ξ-dependence. Like in the case of quasi-PDFs, for P 3 > ∼ 2 GeV there is no clear indication as to which of the two definitions (for each quasi-GPD) one should prefer. The convergence problem at large x persists for the quasi-GPDs H Q and E Q [90] and the other six quasi-GPDs. We emphasize that this outcome is a robust feature of our model calculation. In lattice calculations, the matching procedure could potentially improve the situation at large x, as was observed for the quasi-PDFs [70, 71] . It has been shown that, at one-loop order, only for the quasi-GPDs H Q , H Q and H T,Q -the ones that survive in the forward limit -a nontrivial matching exists [106] [107] [108] . It remains to be seen whether in lattice studies it is more difficult to obtain good results at large x for the quasi-GPDs that do not require a non-trivial matching. We also note that, in general, there is a tendency of the discrepancies at large x to increase when ξ gets larger. The significance of this feature depends on the GPD under consideration, and it is most pronounced for the quasi-GPDs E Q and E T,Q .
The plots in the Figs. 13 -18 show the quasi-GPDs in the ERBL region for ξ = 0.01 and ξ = 0.4, while corresponding plots for H Q and E Q can be found in our previous work [90] . Generally, for small ξ one finds significant deviations between the quasi-GPDs and the corresponding standard GPDs. This situation is the GPD counterpart of the problem for quasi-PDFs around x = 0. For small ξ, the standard GPDs rapidly approach zero at x = − ξ in a very narrow x-range, whereas the quasi-GPDs are much smoother in that range. Once ξ is increased, we observe a (much) better agreement between quasi-GPDs and the standard GPDs for a large fraction of the ERBL region. This outcome suggests that lattice calculation could provide very valuable information in the ERBL region, provided that the skewness is not too small.
We have also studied the dependence of our results on the transverse momentum transfer to the hadron | ∆ ⊥ |, where Fig. 19 and Fig. 20 show results H Q(0) and E Q(0) , respectively. Apparently, at least at large x, the discrepancies get somewhat larger as | ∆ ⊥ | is increased. However, we also found that the relative difference as defined in Eq. (76) is hardly affected at all when | ∆ ⊥ | gets larger. This statement holds true for all the other quasi-GPDs. In fact none of the general conclusions discussed above is affected if | ∆ ⊥ | is varied, where we have mostly explored the range 
D. Exploring different skewness variables
So far we have used the same skewness variable ξ for both the standard GPDs and the quasi-GPDs. However, in the case of quasi-GPDs one in principle could consider different variables to describe the longitudinal momentum transfer to the hadron. Actually, in the matching calculations for quasi-GPDs the quantityξ 3 = − ∆ 3 2P 3 was used [106] [107] [108] . The two variables are related viaξ 3 = δξ, with δ from Eq. (13). We emphasize that this relation is model-independent, which is in contrast to the situation for the parton momentum fractions In any case, the difference between the three variables is a higher-twist effect that vanishes for P 3 → ∞. For finite P 3 , however, the differences can be substantial as illustrated in Fig. 21 , and they are largest for large ξ. Note that as ξ → 1 one has |t| → ∞, and therefore also δ → ∞. Here we want to explore the impact of the difference between ξ,ξ 3 , andξ 0 on the quasi-GPDs.
In order to calculate quasi-GPDs usingξ 0/3 one can then no longer use Eq. (4), but rather needs to compute the Mandelstam variable t. For P 3 → ∞, both (78) and (79) reduce to Eq. (4), while non-negligible numerical differences exist when P 3 is finite. From Fig. 21 one finds that the allowed range forξ 0 is smaller than [0, 1]. As a consequence, t would become imaginary if in Eq. (78) one plugs in a value forξ 0 that is too large.
In Fig. 22 and Fig. 23 we show the following comparisons. The standard GPDs in these figures, which enter the relative difference R in Eq. (76) , are all evaluated for ξ = 0.4, while the quasi GPDs are calculated using the three different skewness variables ξ,ξ 0 andξ 3 and choosing for them in each case again the value 0.4. One observes considerable differences between the three cases, especially once P 3 is relatively low. Interestingly, in the case of H Q(0) the relative difference is smaller for most of the DGLAP region (in particular, in the range where the GPDs have their maximum) if one usesξ 3 instead of ξ. We find this pattern for most of the quasi-GPDs, while in the ERBL region no general such pattern exists. The only outliers in that regard are E Q(0) , E Q(0/3) and E T,Q(0) , where E Q(0) is shown in Fig. 22 as a representative case. We also observe that using the variableξ 0 typically gives poorer convergence for the quasi-GPDs. This feature is again most pronounced in the range where the GPDs are largest. Our conclusions also hold for even larger values of ξ, where the numerical discrepancy between the three skewness variables increases further -see Fig. 21 .
V. MOMENTS OF QUASI DISTRIBUTIONS
Recently, moments of quasi-PDFs have attracted some attention [41, 52, 53, 55] . Specifically, in Refs [41, 52] concerns have been raised over divergences of moments of quasi-PDFs, while Ref. [53] argues that the two lowest moments are well defined. While the whole point of exploring quasi-PDFs is to go beyond the calculation of moments, it can still be instructive to look at them.
We first consider the lowest moments of quasi-GPDs and recall also the well-known results for the lowest moments of the corresponding standard GPDs. Including a flavor index 'q' one finds the model-independent relations
In the above equations, F 1 is the Dirac form factor, F 2 the Pauli form factor, G A the axial form factor, G P the pseudo-scalar form factor, and F 1,T , F 2,T and F 3,T are the form factors of the local tensor current [111] . Note that time-reversal invariance leads to a vanishing first moment for E T [100] . The results for the moments of the forward PDFs f 1 , g 1 and h 1 can be extracted from Eq. (80), (82) and (84), respectively. The lowest moment of standard GPDs depends on t, but does not depend on ξ. The quasi-GPDs depend in addition on P 3 , but it is remarkable that also that dependence drops out in the lowest moment. (A corresponding discussion for f 1,Q can be found in Ref. [53] .) However, according to Eqs. (80)- (86) one must divide half of the quasi-GPDs by the (simple) kinematical factor δ in order to arrive at this result. (Our numerical results in the SDM comply with Eqs. (80)- (86) .) For P 3 < ∼ 2 GeV including or not this factor leads to a visible difference for the numerics. Of course the factor δ describes a higher-twist effect. However, the moment analysis suggests that taking into account this factor like in Eqs. (80)- (86) appears natural. In the case of quasi-PDFs, such a modified definition means that f 1,Q(0) , g 1,Q(3) and h 1,Q(0) are to be divided by δ 0 .
We now turn our attention to the second moment of quasi-distributions, but consider the vector operatorψ q γ µ ψ q only. It is well known that the corresponding local operators are related to the form factors of the energy momentum tensor (EMT) T µν . The EMT, when evaluated between different hadron states, has five independent structures [112] ,
where
The connection between the quasi-GPDs and the form factors of the EMT is established through the equation 
where the index µ can be 0 or 3. In close analogy to the celebrated expression for the second moment of H + E, 
Note that in Eq. (89) the form factor D q of the anti-symmetric part of the EMT enters. One can conclude that the second moment of H Q(3) + E Q(3) is directly related to the angular momentum of quarks, while for H Q(0) + E Q(0) this relation contains a higher-twist "contamination." Our numerics is in accord with these two equations in the sense that the l.h.s. of (90) is independent of P 3 and agrees with what we find from the second moment of H + E, while the l.h.s. of (89) does depend on P 3 and converges to A q (t) + B q (t) for large P 3 . We now briefly take up the case of the second moment for f 1 . In that case one has
and the corresponding equations for the quasi-PDFs read
The second moment of the quasi-PDF f 1,Q(0) is independent of P 3 only, if the function is divided by δ 0 , which agrees with the situation for the lowest moment. On the other hand, the second moment of f 1,Q(3) does depend on P 3 . Once again, our numerical results align with these analytical results. We also find that higher moments of the quasi-PDFs f 1,Q , g 1,Q and h 1,Q diverge.
The model-independent expressions for the moments of the quasi-distributions are potentially significant as they may be useful for studying the systematic uncertainties of results from lattice QCD, especially due to the fact that the P 3 -dependence of the moments is either computable or nonexistent.
VI. SUMMARY
We have presented results for all the quasi-GPDs corresponding to the eight leading-twist standard GPDs in the SDM. While the results for the vector quasi-GPDs H Q and E Q were already included in our previous work [90] , all the other ones are new. For each standard GPD we have studied two quasi-GPDs. Taking the forward limit, we have also obtained the quasi-PDFs f 1,Q , g 1,Q and h 1,Q as byproducts. In the limit P 3 → ∞, all quasi-GPDs analytically reduce to the respective standard GPDs. This outcome further supports the idea of computing quasi-GPDs in lattice QCD to get information on standard GPDs. Though the forward PDFs (in the SDM) are discontinuous at x = 0, for P 3 → ∞ they are exactly reproduced by the corresponding quasi-PDFs. Numerically, in the case of PDFs we have found significant discrepancies between the quasi-distributions and the standard distributions around x = 0 and x = 1. We have also elaborated on the underlying cause of these discrepancies. The disparities near x = 1, for instance, which also exist for quasi-GPDs, are due to higher-twist effects that grow as x → 1. For GPDs these disparities tend to increase with an increase of the skewness ξ. On the other hand, for large ξ we have found quite good agreement between quasi-GPDs and standard GPDs for a significant part of the ERBL region. Furthermore, at least in the DGLAP region we have observed for most quasi-GPDs a better agreement with the standard GPDs if ξ is replaced byξ 3 = k 3 P 3 . The difference between ξ andξ 3 is a higher-twist effect. Generally, we have tried to identify robust results in the SDM. We have therefore studied the dependence of the result on the free parameters -the quark mass m q , the spectator mass m s , the cut-off for the integration upon the transverse quark momentum Λ, and the momentum transfer to the hadron. We have also derived model-independent results for the first and second moments of quasi-distributions. It is remarkable that these moments either do not depend on P 3 , or their P 3 -dependence can be computed. A particularly interesting case is the second moment of H Q + E Q , which is related to the total angular momentum of quarks. The results for the moments suggest a (slight) redefinition of several quasi-distributions. Moments of quasi-distributions might allow one to explore systematic uncertainties of results in lattice QCD. In conclusion, we believe it is worthwhile to further study quasi-GPDs from a conceptual point of view as well as numerically in lattice QCD and in other models.
